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PAM3012PAM3012
Digital Image Processing for Digital Image Processing for 

RadiographersRadiographers

Mathematical DefinitionsMathematical Definitions

In this lectureIn this lecture

FunctionFunction
Function Notation Function Notation 
Image FunctionsImage FunctionsImage FunctionsImage Functions
Rates of ChangeRates of Change
Sum FunctionSum Function

AimAim

Develop mathematical language to Develop mathematical language to 
describe images quantitativelydescribe images quantitatively

What is a Function?What is a Function?
•• A mathematical function is a process that A mathematical function is a process that 

converts one set of numbers into another. converts one set of numbers into another. 

•• For example: DoublingFor example: Doubling

Doubling Doubling 
FunctionFunction
Input Input 
(x)(x)

Output Output 
(y)(y)

11 22
22 44
33 66
44 88

y = 2 X x
or

y = 2x

•• Important: For each input, there is Important: For each input, there is 
only one possible output! only one possible output! 

The Function MachineThe Function Machine

Input data set (x)Input data set (x)

Output data set (y)Output data set (y)

function

Function NotationFunction Notation

•• VariablesVariables
–– Dependent Variable (Dependent Variable (yy))
–– Independent Variable (Independent Variable (xx))

•• ConstantsConstants

y = x + 2y = x + 2
f f (x)= x + 2(x)= x + 2
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Examples of FunctionsExamples of Functions
•• Circumference of a circle:Circumference of a circle:

–– Circumference = 2 X Circumference = 2 X ππ X radiusX radius
–– f(r) = 2f(r) = 2ππr r 

•• Area of a circle:Area of a circle:Area of a circle:Area of a circle:
–– Area = Area = ππ X radiusX radius22

–– f(r) = f(r) = ππrr22

•• Volume of a sphereVolume of a sphere
–– Volume = 4/3 Volume = 4/3 ππ X radiusX radius33

–– f(r) = 4/3 f(r) = 4/3 ππrr33

FunctionsFunctions

•• Functions can have more than one Functions can have more than one 
independent variableindependent variable

•• E.g. 2D functionE.g. 2D function

a = b + ca = b + c
f f (b,c) = b + c(b,c) = b + c

Image FunctionImage Function

•• x, y x, y are pixel are pixel yy

•• Digital Image can be described by a discrete Digital Image can be described by a discrete 
2D function2D function

yy pp
coordinatescoordinates

•• f(x, y) f(x, y) is the gray is the gray 
level in each pixellevel in each pixel

xx

Image FunctionImage Function

Input: x, yInput: x, y

Output: Output: 
Pixel Pixel 

xx

yy

Pixel Pixel 
brightnessbrightness

Image FunctionImage Function

f(x-1,y+1) f(x,y+1) f(x+1,y+1)

ImageImage

•• Pixel NotationPixel Notation
yy

f(x-1,y) f(x,y) f(x+1,y)

f(x-1,y-1) f(x,y-1) f(x+1,y-1)

xx

Graphs of functions Graphs of functions 
•• Functions generate pairs of numbersFunctions generate pairs of numbers

–– These can be used as coThese can be used as co--ordinates to draw graphsordinates to draw graphs
–– Graphical display of functionGraphical display of function

Input data set (x)Input data set (x)le
 (y

)
le

 (y
)

Input data set (x)Input data set (x)

Output data set (y)Output data set (y)

function
Independent Variable (x)Independent Variable (x)
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Graphs of functions Graphs of functions 
•• Functions generate pairs of numbersFunctions generate pairs of numbers

–– These can be used as coThese can be used as co--ordinates to draw graphsordinates to draw graphs
–– Graphical display of functionGraphical display of function

Input data set (x)Input data set (x)
1 2 3 4 5 6 7 . . .1 2 3 4 5 6 7 . . .

(y
)

(y
)

Input data set (x)Input data set (x)

Output data set (y)Output data set (y)

y = x2

1 4 9 16 25 36 49 . . .1 4 9 16 25 36 49 . . .

Independent Variable (x)Independent Variable (x)
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Rates of ChangeRates of Change
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Rate of change
or gradient = )(

)(
xinchange
yinchange

Input data set (x)Input data set (x)
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Change in y

Change in x

Rates of ChangeRates of Change
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How do we define the gradient 
of a curve? 

Change in x & y between 
two points gives an 

Input data set (x)Input data set (x)
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Change in x

p
approximate value

Using smaller changes 
increases accuracy

Change in y

(x1 , y1) 

(x2 , y2) 

Rates of ChangeRates of Change
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How do we define the gradient 
of a curve? 

As change in x and y 
approach zero, line 
becomes tangent

dy

dx

Input data set (x)Input data set (x)
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 becomes tangent Gradient of 

curve at point 
(x, y) is the 
gradient of 
the tangent at 
that point 

Very small 
change in x and 
y known as dx 
and dy

Rates of ChangeRates of Change
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How do we define the gradient 
of a curve? 

dy

dx

dy

Input data set (x)Input data set (x)
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 Gradient of 

curve at point 
(x, y) is the 
gradient of 
the tangent at 
that point 

Gradient at point (x, y) =
dx
dy

Rates of ChangeRates of Change

1D function 1D function f f (x)(x)

Rate of change
or gradient  =

xfinchange )(

( ) ( )xfxf
dx
df

−+= 1

or gradient  = xinchange

Input data set (x)Input data set (x)

f f 
(x

)
(x
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Rates of ChangeRates of Change
11stst Order DerivativeOrder Derivative

•Difference

( ) ( )xfxf
dx
df

−+= 1

Rate of change
or gradient  = xinchange

xfinchange )(

Rates of ChangeRates of Change

22ndnd Order DerivativeOrder Derivative
•• Rate of change of rate of changeRate of change of rate of change
•• DifferenceDifference

( ) ( )xfxfxf
dx

fd
−−++= )1(12
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Rates of ChangeRates of Change Sum FunctionSum Function

•• Consider data set ‘x’Consider data set ‘x’

ValueValue
11 xx11

22 xx22

33 xx33

44 xx44
( )+++= nzzzzTotal 321 K 44 xx44

55 xx55

66 xx66

88 XX77
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Statistical ConceptsStatistical Concepts

•• Statistical concepts: distributions, Statistical concepts: distributions, 
variance and uncertainty. variance and uncertainty. 

SummarySummary

••FunctionsFunctions

••Function Notation Function Notation 

••Image FunctionsImage Functions

••Rates of ChangeRates of Change

••Sum FunctionSum Function


